In the assessment of slope stability, the vertical component of acceleration is commonly neglected. However, signal analyses performed on a large number of acceleration time histories have revealed that the vertical peak ground acceleration can be as high as the horizontal one. In this paper, a method of slope stability analysis regarding the vertical component of acceleration is proposed. It considers a rigid body system affected by the acceleration time histories in both horizontal and vertical directions. In a general case, the strength of the contact between acceleration components is time dependent. Parametric analysis was performed on the basis of cyclic harmonic loading, assuming a safety criterion in the form of permanent displacement. The results, for both harmonic and real acceleration time histories, were compared with the results of the commonly used Newmark's sliding block approach, which revealed significant differences in permanent displacements calculated by the two methods.
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Introduction
The stability assessment of an earth dam in the case of static loading is quite straightforward, and the methodology is well recognized and accepted, (Duncan 1996) . However, dams can also be affected by dynamic loading coming from natural earthquakes or induced by mining operations. In that case, there are many more factors which should be considered starting from the selection of dynamic loading descriptors (e.g. peak value, Arias intensity, time history and its frequency range), dynamic properties of the material and ending with the formulation of a specific stability criterion (e.g. factor of safety, permanent displacement or root mean square value).
There are three main groups of stability assessment methods in case of dynamic loading (Eurocode 8 2004) : the pseudo-static method (Terzaghi 1950) , the permanent displacement approach (Newmark 1965 ) and the stress-deformation analysis (Clough and Chopra 1966) . All these approaches have a number of advantages and limitations. A comprehensive review of these features can be found in papers by Day (2002) , Kramer (1996) , Sica et al (2002) , Jibson (2011) , Świdziński and Korzec (2015b) . The simplest approach, the pseudo-static limit equilibrium method, strongly depends on the seismic coefficient assumed (Hynes-Griffin and Franklin 1984, Wieland 2008) and tells nothing about possible displacements. On the opposite side of the spectrum are stress-deformation analyses. The calculations are based on a discrete method, such as the finite element method, which makes it possible to take into account the stress-strain behaviour of soils (Ishibashi and Zhang 1993, Ishihara 2003) and to observe the response of the structure during shaking. These advantages, however, generate a number of disadvantages, such as the additional costs of time-consuming problem formulation and description of sophisticated material properties, increased computational effort and, last but not least, the increased time and effort for the interpretation of the results (Amorosi et al 2010 , Dulińska 2012 . The sliding block approach, presented by Newmark (1965) and then developed by Ambraseys and Sarma (1967) fills the gap between the above-mentioned methods. It seems to be the most attractive and practical because it takes into account the acceleration time history, maintaining a simple measure of stability (Dobry 2014) . This approach has been widely used in many predictive models, see papers by Jibson (1993) , Romero (2000) , Bray and Travasarou (2007) . In addition, the restrictions of the original concept can be quite easily overcome, (Ambraseys and Sarma 1967 , Biondi et al 2002 , GEO-SLOPE 2010 , Qi and Liu 2015 . The most important development seems to be the assumption regarding the average acceleration proposed by Makdisi and Seed (1978) , which makes it possible to couple this simple approach with stress-deformation analyses (Feng and Tsai 2010, Świdziński and Korzec 2015a) . Let us look more closely at the classic sliding block approach.
In 1965, Newmark (1965) proposed a new criterion, called permanent displacement, to assess slope stability. For simplicity, the sliding block model is used to represent a sliding mass on an arbitrary embankment, Fig. 1 . Newmark's sliding block approach assumes a temporary instability of the rigid block during shaking, which is expressed by yield acceleration a c . The value of a c corresponds to the inertia force that overcomes the interface resistance to downward sliding and hence to the pseudo-static factor of safety equal to 1. When earthquake acceleration A s (t) acting upwards exceeds a c , downward sliding occurs. First, the velocity time history of the block is calculated by integrating the part of acceleration that exceed a c (continuing until the zero speed), and then this velocity time history is integrated to obtain the cumulative permanent displacement after shaking. The numerical example is shown in Section 2.4. It is worth noting that sliding is induced only by the tangent component of acceleration, and the shear strength of the interface comes from the static normal component of the block weight, only. However, the structures are loaded by a combination of longitudinal and transverse motions coming from both material waves (S-and P-waves) and surface waves (Rayleigh, Love waves). Signal analyses performed on a wide group of acceleration time histories registered near the epicentres of mining-induced tremors have revealed that the vertical peak ground acceleration can be as high as or even higher than the horizontal one. Sample acceleration time histories and their Fourier acceleration spectra are shown in Fig. 2 . Moreover, analyses performed on a group of natural earthquake records downloaded from the European Strong-motion Database (2015) have shown that this is true even for greater distances, for example, 57 km, shown in Fig. 3 . Commonly, after Newmark's work, it is assumed that the accelerations act only in the slip plane (Gazetas et al 2009, Sawicki and Chybicki 2005) . Acceleration, on the other hand is calculated based on horizontal and vertical accelerations, but most often based solely on the horizontal aspect. However, the strong influence of vertical acceleration on quay-wall horizontal permanent displacement was proved by Sawicki et al (2007) . Effects of vertical acceleration on a permanent displacement of slope using Newmark's method had been studied by Sarma and Scorer (2009) , though the results of those calculations did not give an unambiguous answer to the question.
In the present paper, the impact of the vertical acceleration component on permanent displacement is examined on the basis of the dynamic equilibrium of the sliding block for vertical and horizontal accelerations acting simultaneously. With the use of this model a parametric study of the input motion is performed.
The paper is organised as follows. First, in Section 2, a specific case of acceleration is considered in order to compare the results of the proposed method and Newmark's method. The block motion solving routine is also presented. Further, in Section 3, the equilibrium equations are derived for both components of accelerations. The results of the parametric study are discussed in Section 4. Finally, the conclusions are given in Section 5.
Simple Rigid Block Case

Limit Equilibrium Equation
Let us consider a very simple system of two rigid bodies, consisting of a rigid block resting on a rigid subsoil inclined at α, Fig. 4 . Own weight force Q is split into the normal force N and the shear force T acting on the base of the block. For simplicity, it is assumed that the base acceleration A s acts in the α − α plane and causes the inertia force F as with the opposite direction according to Newton's second law: 
where m b denotes the mass of the block. The reaction of the base to the above forces consists of the normal strength R and the shear strength S. The shear strength is assumed to follow the friction condition with the coefficient µ S = µR.
The local co-ordinate system s is fixed in the middle point of the block before shaking. The force equilibrium shows that the maximum driving force acting on the block in the α − α plane depends on the acceleration direction. It is determined by the shear strength (always opposite to the dynamic shear force) and the static shear force
The above can be rewritten as:
When one of the above conditions is met, the relative movement of the block begins. Relative displacement of the block is calculated with respect to the displacement of the base, and it is positive in the case shown in Fig. 4 . It is easily seen that to initiate relative downward displacement, the critical acceleration amplitude is lower than in the case of upward sliding, in which gravity sliding force must be overcome. It is also worth noting that, in this simple case, the relative motion condition is independent of mass and time.
In general, the friction coefficient µ magnitude depends on whether the body is at rest or in relative motion. For calculating the acceleration thresholds using the above equations (Eq. 4 and Eq. 5) it should be equal to static friction coefficient µ s and for relative motion calculations equal to kinetic friction µ k .
Given the acceleration thresholds, it is possible to solve the motion of the block by one of implicit time integration methods, for example the finite difference method.
Solving Method
For simplicity, the solution method is shown for one motion equation:
The finite central difference method was used to solve Eq. 6 at n discrete time points. A linear change in velocity and constant acceleration within the time interval
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(i∆t, (i + 1) ∆t) is assumed. In fact, Eq. 6 is replaced by two first-order differential equations:
where the dot represents differentiation with respect to time. The left-hand side of the above equations is approximated by a finite difference at the discrete time (i + 1/2) ∆t:
The adoption of the above approximations in Eq. (7) and Eq. (8) gives:
Given the motion of the base and the block, it is possible to calculate the relative motion in the α − α plane. Relative displacements are calculated with respect to the displacement of the subsoil, and in this case sliding downwards has a positive sign.
Example
Let us now consider the motion of a rigid block resting on a base inclined at 20
• . The static and kinetic friction coefficient of the contact between the block and the base is µ s = µ k = 0.5. The acceleration threshold for downward sliding is −1.25 m/s 2 , Eq. 5. The acceleration threshold for upward sliding is more than six times as high, amounting to 7.96 m/s 2 , Eq. 4. Let us consider a cycling motion of the base in the inclined plane given by the following equation
where A s denotes the amplitude of base acceleration, f s denotes frequency [Hz] , t denotes time [s] and θ s denotes phase angle. Here, these motion parameters have been assumed as follows: A s = 0.31g; f s = 1 Hz; θ s = π. The motion of the base and the block, characterized by acceleration, velocity and displacement time-histories, is shown in Fig. 5 . The relative velocity and displacement histories are shown in Fig. 6 . After two cycles of motion, relative permanent displacement equals 0.27 m. 
Comparison of Permanent Displacement Obtained by the Proposed Method and Newmark's Approach in the Case of In-plane Acceleration
For this simple case it is also possible to calculate permanent displacement by Newmark's stability approach (Newmark 1965) . There are four main steps in this method. First, the factor of safety F must be determined, which in this case is expressed by
where S denotes the shear strength, T denotes the static shear force, and F as denotes the dynamic shear force in an "out of slope" direction. Second, the yield acceleration a c for an assumed value of FS = 1 must be determined. It is calculated as the ratio of possible to mobilized stress and the mass of the block
Newmark's approach considers only downward displacement, so there is only one condition which corresponds to downwards sliding. Because the direction of inertia forces is opposite to that of acceleration, for the left-to-right sliding and the co-ordinate axes considered, the threshold is a c equal −1.25 m/s 2 . In the third step, the relative velocities are calculated by numerical integration of the parts of acceleration time-history which exceed the threshold a c determined, Fig. 7 . It should be noted, that the integration is continued until the block stops. Then, in the last step, relative displacements are calculated on the basis of relative velocities. After two cycles, the cumulative relative displacement is 0.278 m, which is almost the same as the value obtained by the finite difference method.
Rigid Block Affected by Horizontal and Vertical Accelerations
Let us now consider a simple system of two rigid bodies, consisting of a rigid block resting on a rigid base inclined at α, loaded by inertia forces F induced by both horizontal and vertical base accelerations, Fig. 8 . It was assumed that the positive subsoil accelerations A x and A y cause an inertia forces:
where a x and a y denote the horizontal and vertical accelerations of the block, respectively. Also in this case the force equilibrium has been analyzed in the local coordinate system (s, n), thus all the forces are projected on directions: normal and tangential to the slip plane α − α. The inertia forces are decomposed into normal components F nx , F ny and tangent components F sx , F sy on an α − α plane. Their dependence on the slope inclination is shown in Fig. 9 . In the case of a small slope inclination, the dominant part of the driving force is horizontal acceleration, and the dominant component affecting the shear strength is vertical acceleration. The driving motion of the base in the inclined plane is defined by the following equations:
Inertia forces F as and F an at time t 1 acting on the block resting on inclined plane affected by resultant of exemplary harmonic horizontal and vertical acceleration A 1 are shown in Fig. 10 . Both above-mentioned forces have negative impact on block stability, the sliding force is increased by F as and the shear strength is reduced by F an , respectively. It is assumed that the normal part of the acceleration A n (t) is well beyond the value that could cause the separation of the system. Thus a n (t) = A n (t) .
The same is assumed for the normal component that affects the shear strength S of the interface between the base and the block. Now, shear strength S depends on 112 A. Korzec the normal components of both static force S s and dynamic force S d (t) thus it is time dependent
The maximum driving force acting on the block in the s direction is determined by the shear strength S(t) and the static shear force T . Thus, the time history of block acceleration a s (t) will be examined to determine relative displacement. The co-ordinate axes x, Fig. 8 , are chosen in such a way that negative values of the accelerations A − x and A − y for the same amplitude result in the critical case of the block sliding down the slope (F sx > F sy ). In that case, both accelerations decrease the slip surface strength S. The acceleration threshold for upward sliding is the combination of A + x , A − y . However, the exact critical condition for sliding depends on the slope inclination α, friction coefficient µ, acceleration amplitude and, last but not least, vertical acceleration frequency. The force equilibrium in the α − α plane, covering all possible force combinations, is expressed by
After making use of an appropriate trigonometric identity in Eq. 21 and acceleration signs, one can write the upward relative motion condition as
and the downward relative motion condition as
Parametric Study in the Case of Harmonic Motion
The above given equations are valid for general form of the base acceleration functions. However, a common practice in simplified theoretical models is the replacement of the actual acceleration by equivalent harmonic or cyclic loading (Srbulov 2008) which can give opportune insight into the problem solved. Let us consider a harmonic motion of the base in both horizontal and vertical directions, given by the following equations:
where A denotes the amplitude of base acceleration, f denotes frequency, t denotes time, and θ denotes phase angle in the direction given in the subscript.
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Critical Phase Angle of Vertical Acceleration
The influence of the vertical acceleration frequency f y on permanent displacement has been proved in calculation. Comparison of subsoil and block accelerations time-histories for two different frequencies of vertical harmonic loading have been shown in Fig. 11 . It has been revealed that vertical loading characterised by higher frequency is less severe for rigid block stability, Fig. 12 . The vertical motion with the frequency of 4 Hz caused about 30% lower permanent displacement than for the case of vertical motion with the frequency of 1 Hz. However, this relationship must be considered simultaneously with the vertical motion phase angle θ y . A comparison of relative velocities and displacement time histories caused by three examples of base acceleration time histories differing only in θ y is shown in Fig. 13 . The parametric study was carried out with respect to the horizontal frequency f x = 1 Hz and the phase angle θ x = π. 
20
• are presented in Fig. 14. The greatest effect of the vertical component of acceleration was obtained for a frequency compatible with the frequency of the horizontal component of acceleration and compatible phases. The impact of the phase angle for the permanent displacement decreases with increasing frequency. However, even for a frequency four times the frequency of the horizontal oscillation, these differences are noticeable and equal to 33%. The same test was performed for different vertical acceleration amplitudes A y , slope inclinations and static friction coefficients µ s , which confirmed the above conclusions.
Influence of the Kinetic Friction Coefficient on Permanent Displacement
It is obvious that the friction coefficient has an impact on acceleration thresholds, so these results are not shown. However, the distinction between static µ s and kinetic friction µ k has a significant influence on the assessment of permanent displacement. After relative motion has been initiated, friction between bodies decreases. Lower friction results in a slower braking and extension of time during which the block moves separately. The calculations have been performed for the same harmonic motion but two different kinetic friction coefficient magnitudes. The comparison of block acceleration time histories and the relative displacements are shown in Fig. 15 . A 10% decrease in the friction coefficient from 0.60 to 0.54 results in 61.8% higher relative permanent displacement after two cycles of motion. It is obvious that the difference is greater for lower magnitude of kinetic friction coefficients. • for two kinetic friction coefficient magnitudes µ k (A x = 0.3g, A y = 0.2g, f x = f y = 1 Hz, θ x = θ y = π).
Comparison of Permanent Displacement Obtained by the Proposed Method and Newmark's Approach in the Case of Horizontal Acceleration
Let us now compare permanent displacement in the case of the slip surface strength calculated for static and dynamic forces, and for only static forces, labelled S(A) and S = const respectively. The results for a rigid block resting on a base inclined at 20
• loaded by harmonic accelerations in phase with amplitudes A x = 0.3g and A y = 0.1g and frequencies f x = f y = 1 Hz are shown in Fig. 16 . After two cycles, permanent displacement for the strength dependent on the dynamic forces is equal 0.36 m and is more than two times as large as it is for the constant strength case. 
Let us consider a rigid block resting on a base inclined at 20
• loaded by a harmonic horizontal acceleration with an amplitude of 0.33g, which gives 0.31g in the α − α plane, as in Section 2.3. Let us recall that, according to Newmark's approach, the permanent displacement after two cycles was 0.28 m. The influence of the normal component of acceleration increased the permanent displacement to 0.41 m, Fig. 17 .
Permanent Displacement in Cases of Recorded Acceleration Time Histories
The proposed method was applied for stability assessment in cases of various recorded acceleration time histories. In the paper, the well-known El Centro time history is examined. Three perpendicular components of acceleration were recorded in time: East-West, North-South and vertical, Fig. 18 . The peak ground acceleration and Arias intensity are higher for the North-South direction. Thus, this signal was chosen as the horizontal component of acceleration H. The calculated percentage ratio of the peak accelerations (vertical to horizontal) within the 25 Hz frequency band is equal to 60%.
The peak horizontal ground acceleration PH A was 0.3g, which allowed to conduct comparative calculations. The relative displacement history calculated on the basis of the proposed model compared with that calculated by Newmark's method is shown in Fig. 19 . It shows 66% increase in permanent displacements D taking into account the impact of dynamic forces on the slip surface strength. 
Conclusions
The stability analysis for a rigid earth structure was proposed, using a time-dependent limit equilibrium equation along the slip surface of a potentially sliding mass. Some obvious conclusions from the equations derived, consistent with intuition, show that the most critical downward sliding is caused by the horizontal base acceleration acting in the opposite direction, and that the amplitude of the acceleration needed to cause downward sliding is lower than that needed for upward sliding. Sliding on a slope is, for the most part, driven by the shear component of horizontal acceleration, but the normal component that strongly affects the interface shear strength comes from vertical acceleration. Some cases of harmonic and real earthquake accelerations were considered. The results show that the effect of the normal component on the interface shear strength should not be neglected even for the case of horizontal acceleration. In the El Centro excitation considered here, Newmark's method, commonly used for stability assessment, yields permanent displacements smaller by as much as 40%. The most important conclusions of the parametric analysis conducted on harmonic motion are as follows:
1. The interface strength highly depends on the vertical acceleration frequency; 2. The critical phase angle was found to be frequency dependent; 3. The impact of vertical acceleration on stability decreases with the increasing frequency ratio f y / f x .
